
CS 151 Quantum Computer Science

Lecture 6: Single qubit systems
February 05, 2024

Lecturer: Saeed Mehraban Scribe: Preliminary notes

1 Overview
In the previous lecture, we defined the standard model of quantum computation. We gave an
overview of some of the basic quantum gates and introduced the notion of universality for quantum
gate-sets. In this lecture, we study single-qubit quantum gates in more detail. After that, we discuss
multi-qubit states and introduce “quantum entanglement.”

2 Single-qubit rotations:
Recall that the state of a single two-level system is given by a vector in C2. So we can represent it
by:

|ψ⟩ = α|0⟩+ β|1⟩, |α|2 + |β|2 = 1

we can use the following angle parameters to representation this qubit

|ψ⟩ = cos(
θ

2
)|0⟩+ eiϕ sin(

θ

2
)|1⟩

The following operator induces a rotation in θ (around Y axis).

Ry(θ) =

(
cos( θ

2
) − sin( θ

2
)

sin( θ
2
) cos( θ

2
)

)
the following creates a rotation around Z

Rz(ϕ) =

(
e−iϕ/2 0
0 eiϕ/2

)
the following creates a rotation around X axis.

Rx(θ) =

(
cos( θ

2
) −i sin( θ

2
)

−i sin( θ
2
) cos( θ

2
)

)
We can show that Ri(θ) performs a rotation by angle θ around the i-th axis. Let us study

these operators a bit deeper. To generate θ rotation around X , (Y or Z) axis, we can apply the
operator e−i θ

2
Z (same for X and Y ). Here for an operator A, eA is given by the Taylor series
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Figure 1: The Bloch sphere

eA = I + A + A2

2!
+ A3

3!
+ . . .. Suppose A has spectral decomposition A =

∑
i λi|i⟩⟨i|, then

f(A) =
∑

i f(λi)|i⟩⟨i|. In particular

Z = |0⟩⟨0| − |1⟩⟨1|

therefore

e−i θ
2
Z = e−i θ

2 |0⟩⟨0|+ ei
θ
2 |1⟩⟨1| (1)

=

(
e−iθ/2 0
0 eiθ/2

)
(2)

To derive the formula for Rx(θ), we use the formula HZH = X . Therefore for any integer l,
(HZH)l = X l. Plugging these into the Taylor series we can show e−i θ

2
X = He−i θ

2
ZH . Therefore

Rx(θ) =
1√
2

(
1 1
1 −1

)(
e−i θ

2 0

0 ei
θ
2

)
1√
2

(
1 1
1 −1

)
(3)

=
1

2

(
1 1
1 −1

)(
e−i θ

2 e−i θ
2

ei
θ
2 −ei θ2

)
(4)

=
1

2

(
1 1
1 −1

)(
e−i θ

2 e−i θ
2

ei
θ
2 −ei θ2

)
(5)

=

(
cos( θ

2
) −i sin( θ

2
)

−i sin( θ
2
) cos( θ

2
)

)
. (6)

Exercise: Prove that

e−i θ
2
Y =

(
cos( θ

2
) − sin( θ

2
)

sin( θ
2
) cos( θ

2
)

)
= Ry(θ)

(Hint: Y = SXS−1)
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How can we describe rotation around an arbitrary direction n̂ = (nx, ny, nz) on the Bloch
sphere? Let σ = (X, Y, Z) and the inner product n̂ · σ = nxX + nyY + nzZ. When n̂ = (1, 0, 0)
we obtain X , for n̂ = (0, 1, 0) we obtain Y and for n̂ = (0, 0, 1) we obtain Z. It turns out rotation
by θ around n̂ axis is given by Rn̂(θ) = e−i θ

2
n̂·σ. In general, an arbitrary single-qubit quantum

operation can be capture in the form eiαRn̂(θ) for some unit vector n̂.

Exercise: Show that (n̂·σ)2 = I . Using this observation show thatRn̂ = cos( θ
2
)I+i sin(θ)(n̂·σ).

We recommend reading Section 4.2 of Nielsen Chuang for more information.
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